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Abstract - Neutrosophic ideals of a [-semiring are introduced 

and studied in the sense of Smarandache[14], along with some Keywords - Cartesian prod- 
operations such as intersection, composition, cartesian product uct, Homomorphism, Ideal, In- 
etc. on them. Among the other results/characterizations, it is  tersection, Neutrosophic. 

shown that all the operations are structure preserving. 


1 Introduction 


Uncertainties, which could be caused by information incompleteness, data randomness 
limitations of measuring instruments, etc., are pervasive in many complicated problems 
in biology, engineering, economics, environment, medical science and social science. We 
cannot successfully use the classical methods for these problems. To solve this problem, 
the concept of fuzzy sets was introduced by Zadeh [15] in 1965 where each element have 
a degree of membership and has been extensively applied to many scientific fields. As a 
generalization of fuzzy sets, the intuitionistic fuzzy set was introduced by Atanassov [1] 
in 1986, where besides the degree of membership of each element there was considered 
a degree of non-membership with (membership value + non-membership value) < 1. 
There are also several well-known theories, for instances, rough sets, vague sets, 
interval-valued sets etc. which can be considered as mathematical tools for dealing with 
uncertainties. In 1995, inspired from the sport games (winning/tie/defeating), votes, 
from (yes/NA/no), from decision making (making a decision/ hesitating/not making), 
from (accepted/pending/rejected) etc. and guided by the fact that the law of excluded 
middle did not work any longer in the modern logics, F. Smarandache [14] combined 
the non-standard analysis [4, 11] with a tri-component logic/set /probability theory and 
with philosophy and introduced Neutrosophic set which represents the main distinction 
between fuzzy and intuitionistic fuzzy logic/set. Here he included the middle compo- 
nent. i.e. the neutral/ indeterminate/unknown part (besides the truth/membership 
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and falsehood/non-membership components that both appear in fuzzy logic/set) to 
distinguish between ’absolute membership and relative membership’ or ’absolute non- 
membership and relative non-membership’(see, [6, 13]). There are also several authors 
[2, 3, 8] who have enriched the theory of neutrosophic sets. 

Inspired from the above idea and motivated by the fact that ’semirings arise natu- 
rally in combinatorics, mathematical modelling, graph theory, automata theory, parallel 
computation system etc.’, in the paper, I have used that to study the ideals, which play 
a central role in the structure theory and useful for many purposes, of [-semirings|10] 
- a generalization of semirings [5, 7] and obtain some of its characterizations. 


2 Preliminaries 


We recall the following results for subsequent use. 


Definition 2.1. Let S andT be two additive commutative semigroups with zero. Then 
S is called a V-semiring if there exists a mapping Sx Tx S > S ( (a,a,b) + aab) 
satisfying the following conditions: 


(i) (a+ b)ac = aac + bac 


(ii) aa(b + c) = aab + aac 
(iti) a(a + 8)b = aab + a/b 
(iv) aa(bBc) = (aab) Be 

(v) Osaa = 0g = aadg 

(vi) aOpb = 0g = b0pa 


for alla,b,c € S and for alla, BET. 
For simplification we write 0 instead of 0g and Op. 


Definition 2.2. A left ideal I of -semiring S is a nonempty subset of S satisfying the 
following conditions: 


(i) Ifa,be lI thna+bel 
(i) Ifael,seS andy €T then sya el 
(ii) TAS. 


A right ideal of S is defined in an analogous manner and an ideal of S is a nonempty 
subset which is both a left ideal and a right ideal of S. 


Definition 2.3. Let R, S be two T-semirings anda,b€ R, y €T. A function f : R—- 
S is said to be a homomorphism if 


(i) f(a+b) = f(a) + f(e) 
(it) flayb) = fla)yf() 
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(iit) f(Or) =Og where Or and Og are the zeroes of R and S respectively. 


Definition 2.4. A neutrosophic set A on the universe of discourse X is defined as 
A={<2,A? (zx), Al(z), A(x) >,2 € X}, where AT, A!, AF : X —]-0,17*[ and -0 < 
A? (x) + Al(x) + A¥ (x) < 3+ . From philosophical point of view, the neutrosophic set 
takes the value from real standard or non-standard subsets of |~0,1*|. But in real life 
application in scientific and engineering problems it 1s difficult to use neutrosophic set 
with value from real standard or non-standard subset of |~0,1*|. Hence we consider the 
neutrosophic set which takes the value from the subset of [0, 1). 


3 Main Results 


Throughout this section unless otherwise mentioned S' denotes a [’-semiring. 


Definition 3.1. Let w = (u",p’,u*) be a non-empty neutrosophic subset of a T- 
semiring S (i.e. anyone of u(x), pi (ax) or pF (x) not equal to zero for some x € S). 
Then p is called a neutrosophic left ideal of S if 


(i) w(a+y) > min{u" (a), u(y}, ue (ayy) = vy) 
(ii) we t+y) > OO Wl yy) = uly) 


(iii) p* (a +y) < max{p" (x), ue" (y)}, uP (wyy) < wy). 


for aliz,ye S andyeTl. 
Similarly we can define neutrosophic right ideal of S. 


Example 3.2. Let S be the additive commutative semigroup of all non-positive integers 
and I be the additive commutative semigroup of all non-positive even integers. Then S 
is a -semiring if ayb denotes the usual multiplication of integers a,y,b where a,bE S 
andy €T. Define a neutrosophic subset pw of S as follows 


(1,0,0) if «=0 
pe) =<* (0.8,0.3,04) af is-even 
(0.3, .02,0.7) if a is odd 


Then the neutrosophic set uw of S is a neutrosophic ideal of S. 


Theorem 3.3. A neutrosophic set 4 of aT -semiring S is a neutrosophic left ideal of 
S if and only if any level subsets u? := {x ES: p(x) >t, te (0,1}, wic={reS: 
w(x) >t, t € [0,1]} and uP = {rE S: w(x) <t, t € [0,1]} are left ideals of S. 


Proof. Assume that the neutrosophic set jz of S is a neutrosophic left ideal of S. Then 
anyone of yu’, pu! or pw’ is not equal to zero for some x € S i.e., in other words anyone 
of 2, wt or ut is not equal to zero for all t € [0,1]. So it is sufficient to consider that 
all of them are not equal to zero. 

Suppose x,y € ps = (uz, wi, uF), s¢ S and ye€T. Then 


w(x +y) > min{u" (x), u"(y)} > min{t,t} =¢ 
F@)twi@) ~ tt 

wi(xty)>* yw > at 

Lb 


Fw + y) < max{u" (c), u? (y)} < maxft, 4} =t 


Journal of New Results in Science 6 (2014) 51-61 54 


which implies x+y € wi? , wl, uF ie, cx +y € p;. Also 


ie Msyt) > pi (x) >t 
Ll (sya) 2 wile V24 
bP eyt) Sua) at 

Hence syx € [lt. 

Therefore ju; is a left ideal of S. 

Conversely, suppose ji:(# @) is a left ideal of S. If possible yz is not a neutrosophic left 

ideal. Then for x,y € S anyone of the following inequality is true. 


u'(a+y) < Dat (x), u(y) } 
ul(ax y) < dias (y) 
uP (a +y) > max {yp (x), uw" (y)} 


For the first inequality, choose t = $[u"(«+y) +min{a" (2), wy). Then p? (x+y) < 
ty < min{y" (x), w"(y)} which implies x,y € pf, but « + y ¢ pf, - a contradiction. 
For the sie inequality, choose tz = $[u"(a+y)+min{p/ (x), u"(y)}]. Then py" (a+y) < 
toe Le seul 


) which implies x,y € Mey but r+y¢ Li, - a contradiction. 
For the third inequality, choose tz = $[u" (a + y) + max{u" (x), u*(y)}]. Then p(x + 
y) > ts > max{p" (x), u*(y)} which implies «,y € pf, but x+y ¢ pf, - a contradiction. 
So, in any case we have a contradiction to the fact that p; is a left ideal of S. 
Hence the result follows. 


Definition 3.4. /9/ Let 4 and v be two neutrosophic subsets of S. The intersection of 


band v is defined by 
(u? Av )(e) = min{u" (x), 0" (e)} 
(u! Nv")(x) = min{u"(ax),v"(x)} 
(u" Ov") (x) = maxf{p" (x), v"(x)} 
forallaeS. 


Proposition 3.5. Intersection of a non-empty collection of neutrosophic left ideals is 
also a neutrosophic left ideal of S. 


Proof. Let {y;: i € I} be a non-empty family of neutrosophic left ideals of a P-semiring 
Sand z,y€S,yeET. Then 
(Oe ety) = ink wi(e+y) > inf {min{yy (x), 47 (y)}} 
= te hi (2), int Li (y)} 
= min{(9 4F)(2), (OH) (y)}- 


(Qui\(e+y) = ing pi(e+y) > ing Hope 
vE 


inf pl (v)+ing, f(y) 
iE LE 


2 
nN wt nN wt 
Byhi (a)+ 0 | be (y) 
2 
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(Qe ety) =sup w7(e+y) < sup {max{ai (2), aF(y)} 
7 = max{sup Hr (2), sup Hi (y)} 
= max{( 0 4;")(x), (nyt \(y)}. 
(OH (ayy) = inf wy (wry) > inf, wry) = (Our )(y). 


I —j - > j (yy) — 
(044; (ey) = inf 1; (ey) 2 inf, wy) (Oe )(y). 


(Np )(xyy) =sup pf (ayy) < sup pi (y) = (uF )(y). 
wel iel iel wel 


Hence Obi is a neutrosophic left ideal of S. 
ve 


Proposition 3.6. Let f: RS be a morphism of l'-semirings. Then 


(i) If b is a neutrosophic left ideal of S, then f~‘(¢) [12] is a neutrosophic left ideal 
of R. 


(ii) If f is surjective morphism and ps is a neutrosophic left ideal of R, then f(s) [12/ 
is a neutrosophic left ideal of S. 


Proof. Let f : R — S be a morphism of I’-semirings. 
(i) Let @ be a neutrosophic left ideal of S andr,s € R, y ET. 


FUG \r+s) =o (f(r +8)) = pe) f(s) 
> min{¢*(f(r)), @*(f(s))} = min{(f-"(6"))(r), (F-7(@"))(s)}- 


ofr + 8)) = o'(F(r) + F(s 
SUF +o" Ge) _ (F' 


FTO )r+s) =o" (f(r +s)) =o" (f(r) + f(s) 
< max{o"(f(r)), 6° (f(s))} = max{(f"(4"))(r), (FG ))(s)}- 


Again 


Thus f~'(@) is a neutrosophic left ideal of R. 
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(ii) Suppose pz be a neutrosophic left ideal of R and 2',y' € S, y € Tl. Then 


(f(u"))(@ +y') = sup Ee) > sup ue + ¥) , > sup{min{p7 (x), nu" (y)}} 
vef-Ue'ty)  2ef- ewer tty’ 
= min{sup p7 (x), sup y7(y)} = min{(f(u)) (2), (f(u))(y)}- 
nef-(a") ye f-*(y") 


/ / 7 : ; 
(f(u))(e' +y') = suppl(z) > suppl(x+y) > sup “Oe W 
4 foi(a' ty’) x FM’ )vEt*y ) * 
= $[sup w(x) + sup p(y] = $1(FH)) (2) + PHD). 

r€f-l(a') ye fo Hy’) 


(f(u*))\(@ +y) = inf Hr), < inf ee +y) | < inf{max{p" (x), uw" (y)}} 
zef-'(a'ty') xe f-l(a'),yef-(y’ 
= max{inf p(x), inf w"(y)} = max{(f(u")) (2), (f(u")) (yf. 


wef-i(a') yef-t(y’) 


Again 
flu" )(z yy) =sup pl (z) > sup pu? (xyy) 
zef-Me'yy’) ef" ye f(y’) 
>sup p(y) = f(u")(y). 
yef—1(y") 
fe )\(2'yy’) = sup pi(z) > sup pl (xyy) 
z€f—l(a' yy’) we f-*(2') ye f(y") 
> sup p(y) = f(u)(y). 
yef—(y') 


fF (ey) = inf w(z) < inf pF (ryy) 
zefUalyy) — 2ef-(0") wef’) 
<inf p(y) = flu" )(y). 
vef-1(y’) 


Thus f(js)is a neutrosophic left ideal of S. 


Definition 3.7. /9/ Let u andv be two neutrosophic subsets of S. The cartesian product 
of and v is defined by 


(u" xv" )(x,y) = min{u" (x), v7 (y)} 


u(x) tu" (y) 
5} 


(u" x v")(a,y) = max{u" (x), v"(y)} 


(eo ky ea) = 


for allz,y eS. 


Theorem 3.8. Let ~ and v be two neutrosophic left ideals of S. Then wx v is a 
neutrosophic left ideal of S x S. 
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Proof. Let (x1, £2), (yi, y2) € S x S and y €T. Then 


(um? x v7) ((x1, 2) + (Yi, 42) = (WE x v7)(a + vista + ya) 
min{u" (e+ y1),V vita + yo) 


S min{min{p7 (x1), u7 (y1)}, min{v7 (x2), v" (ya) 3h 
= min{min{p" (x1), v7 (x2)}, mint (y1), U7 (yo) }} 
= min{(u? x v?)(x1, 22), (u? x Vv") (yr, ye) }- 
(ui x v")((x1, 2) + (yi, y2)) = (uw ae ele: ae + y2) 
. ypu Rae (yt) vi (ea) tv" (ua) 
= utter yiv! es) nly eet an) 
= 5{(u" x v')(a1, 22) + (Mt x v7) (yi, Yo) }- 
(uP xv") (01, @2) + (Y1,Y2)) = (HE x VP) (a1 + yn, 2 + ye) 


max{p (x1 + yi), uv" (x2 + y2)} 
max{max{" (a1), " (yi)}, max{v" (x2), uv" (ya) }} 
max{max{p" (a1), v(x) }, max{u” (yi), v” (yo) }} 
= max{(u" x v")(a21, 22), (u” x v™)(y1, ya) }- 


Il IA Th 


(jae x vy") (rvyyi, T2Vy2) a min{p" (xiyy1), v™ (raya) } 


(u7 x v7) (a1, £2)¥(Y1,42)) = 
> min{u"(y), v7 (y2)} = (ux v™) (yr, yo). 


wl (eryyi)+u! (wovy2) 
2 


(ul x v4 ((01,22)9(.ye)) = (He! x v (e791, e272) = 
= ae) = (ui? x v") (yi, y2)- 


(wu x v*)(aryy1, 27y2) = max{p" (aryy1), v" (xayye) } 


(uw? x v")((x1, 22)1(41,92)) = 
< max{p"(y1)," (y2)} = (wi xv") (yn, ya). 


Hence p X v is a neutrosophic left ideal of S x S. 


Theorem 3.9. Let 4s be a neutrosophic subset of S. Then us is a neutrosophic left ideal 
of S if and only if uw x pe ws a neutrosophic left ideal of S x S. 


Proof. Suppose fz be a neutrosophic subset of S. If 4 is a neutrosophic left ideal of S 
then by Theorem 3.8, jz x fz is a neutrosophic left ideal of S x S. 

Conversely, suppose pu Xx 4 is a neutrosophic left ideal of S x S and 21, %2,y1, y2 € S, 
y €T. Then 


min{u" (21+ y1), M7 (a2 + yo)} = (ut x pw") (41 + y1, 22 + yr) 

(ui x w")((a1, £2) + (yr, y2)) 

min{(p" x ps" )(@1, 22), (u" x ")(y1, yo) 
min{min{p" (x1), uw" (v2) }, min{w" (y1), uw" (yo) }}- 


IV Il 
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Tg IT x 
Le ( ae (wot+y2) (a x w)(ay + yy, To + Ye) 


= (ul x pw") (a1, 22) + (Yi, Y2)) 
(ul xp) (a1 eo) +H x w7) (yn ya) 


IV 


2 
S 1 paler) +o (#2) wi (yi)tu" (v2) 
2 2 2 : 


max{py" (a1 +41), Mu" (@2+ yo)} = (ue x pP)(a1 + y1,22 + ye) 
= (wu x w")((a1, £2) + (y1, ye) 
< max{(u" x p")(x1, 22), (u” x w")(y1, y2)} 
= max{max{p" (71), 1” (2)}, max{u" (yi), (yo) FF. 


Now, putting 7, = 7,272 = 0,y, = y and y2 = 0, in the above inequalities and noting 
that u7(0) > p(x), w7(0) =0 and p*(0) < p*(z) for all x € S we obtain 


ui (a +y) > min{p7 (x), u"(y)} 
w(x Ly) > pore 
wP(ae + y) < max{p" (x), u(y}. 


Next, we have 


min{ pu" (@ryyr), ou" (@2yy2)} = (ut x wT) (aryy1, Cayy2) = (HT x W™)((w1, ©2) (Yr, Y2)) 


> (2 x pV yns40) = minty? (ys), a? (va) 


Tr x a x 
Le ( wt (wayy2) (i x w)((v1, 22) (yr, yo) 
> (ul x w")(y1, y2) 
— (yr) +H" (yo) 
2 


max{p" (ayyyi), oe" (eoyy2)} = (WE x BP) (ary, B2Vy2) = (WP x wP) (x1, 22) 7(y1, Y2)) 


< (uP X uP Vai 9) = maxlw" (vr), 16 (vs). 


Taking 7, = 4, 2% = 0,y, = y and yo = 0, we obtain 


ue (ayy) > u(y) 
ui (ayy) > wy) 
uP (ayy) < uF (y). 


Hence yz is a neutrosophic left ideal of S. 


Definition 3.10. Let « and v be two neutrosophic sets of a T-semiring S. Define 
composition of uw and v by 


pwrov"(e) = — sup {minty (ai), "(bt 
v=) ainibi 


= (0, if x cannot be expressed as above 
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wov'(z) = sup Yee 
t= S° aiyadi 
i=1 
= 0, if x cannot be expressed as above 
Pov" (x) = inf — {max{p"(a;),v" (bi) }} 
c= S- aiyidi 
i=1 
= (0, if x cannot be expressed as above 
where x,a;,b; € S andy; ET, fori =1,...,n. 


Theorem 3.11. Jf w and v be two neutrosophic left ideals of S then pov is also a 
neutrosophic left ideal of S. 


Proof. Suppose yz, v be two neutrosophic ideals of S and z,y E€ S,y ET. Ifa+y 
cannot be expressed as SS a;yib;, for a;,b; € S and y; € T, then there is nothing to 
prove. So, assume that x + y have such an expression. Then 


(uF ov) (x + y) 
= sup {min{u"(ai),1°(bi) 
etu= >) ai7idi 
> mp fining" (ex), 0). (e0), 0 HY 
a= > cididi,y = D> enh 
ead sup {min{uw" (ci), 2" (i), sup {min{u"(e)), v7 (fi) }}} 


r= S° Ci0id; y= S- emi fi 
; i=l 


= min{ (7 ov) (x), (u7 ov?) (y)}. 
(uov")(x + y) 
vk 7. 
— sup ae Le (a;)+v (b;) 
ot+y= ys asyidi 
i=l 
2 sup pr 2 Eat 


r= S- cididiy = SS emi 
i=l i=1 
n T(e)+v1 (di 1 Heit" fi 
a, sup oR A up hy Mey 


1=1 
n n 
<= ) c,0;d; y= ) eg fi 
i=l i=1 


— (utov!)(x)+(u4 ov! )(y) 
2 


IV 
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bi inf = {max {po"(a;), 0" (bi) }} 


< inf {max {p0" (ci), v* (di), uw" (e:),u" (fi) }} 

ges Yas di,y = 3 enifi 
= sat inf {max yu" (ci), uv" (di) }}, inf {max{p"(e;), vu (fi) }}} 

r= 3 cj0;d; y= » Cit 
= max{(uFov?)(2), (uFov\y)}. : 
sup {min{u" (a,), v™(b;)}} 

xryy= S- a,b; 
> ‘sup {min{u"(ayei), vy" (fi) }} 

ryy= os LCT; 
> sup {min{u"(e:), v™(f)}} = (nT ov")(y). 


y= S- esnids 
i=l 


(uov")(xyy) 


n Z(a;)+v! (b; 
(uwlov!)(xyy) = sup ya 4 ee 
xryy= >. a,0rjd; 
i=1 
n I(x ej vl A 
> sup ye pe (ay + (fi) 


ryy= S- xyeinifi 
> sup ee pte pe) = (wlov!)(y). 
y= a enifi 
i=1 
(uPov" (ayy) = inf {max{"(ai),v"(b)}} 
ayy= » a;a,b; 
< ink fmaxfuleye,),0 (f}) 


n 


ryy= S- DVN Si 


i=1 


< inf {max{u"(ei),"(f)}} = (Fou )y). 


y= Ss" exits 
i=l 


Hence jov is a neutrosophic left ideal of S. 
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A 


Conclusion 


In this paper, we have studied neutrosophic ideals of [-semirings in the sense of 
Smarandache[14] with some operations on them and obtain some of its characteri- 
zations. Our next aim is to use these results to study some other properties such prime 
neutrosophic ideal, semiprime neutrosophic ideal, radicals etc.. 
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